We study an anisotropic scale transformation in the worldsheet description of D3-branes in Type IIB theory, and show that the transformation is really a symmetry in a region near D3-branes. AdS/CFT correspondence follows from this symmetry. We will explicitly show that Wilson loops in N = 4 supersymmetric Yang-Mills theory and minimal surfaces in AdS 5 are related by the symmetry. The functional form of a supersymmetric Wilson loop operator is naturally derived from our worldsheet point of view.
Introduction
Since Maldacena proposed the conjectured relation, known as AdS/CFT correspondence [1] , between N = 4 supersymmetric Yang-Mills theory (SYM) and Type IIB string theory on AdS 5 × S 5 background, a vast amount of researches have been reported to provide pieces of supporting evidence for the correspondence as many as possible. Many of such researches discuss some limiting situations, for example, in the large N limit, where N is the rank of the gauge group. On the expected range of validity, however, there does not seem to be a consensus. The most well-studied limit is to take the limit of both the large N and the large 't Hooft coupling λ. The correspondence claimed for this limit is sometimes referred to as the weakest version of AdS/CFT correspondence. One of the claims of the correspondence which is now well-established is the correspondence between
Wilson loops W (C) in N = 4 SYM and minimal surfaces Σ in the AdS 5 background [2] [3] . The expectation value of W (C) is related to the partition function of a single Type IIB string whose boundary ∂Σ lies on C embedded in the boundary of AdS 5 . A similar correspondence was already anticipated in old days, and AdS/CFT correspondence provides a concrete example which can be verified quantitatively.
In this paper, we would like to provide a natural point of view for understanding why such a correspondence holds. It is based on a perturbative worldsheet description of D3-branes in the flat space-time.
We consider an anisotropic scale transformation
where x µ is the longitudinal coordinates and y I are the transverse coordinates of the D3-branes. For simplicity, we call this the scale transformation. We will show that the correspondence between the Wilson loops and the minimal surfaces follows from the invariance under the scale transformation, which we call in this paper the scale invariance. In a region near D3-branes, this invariance can be realized in the worldsheet description, as far as closed string loops are suppressed. The existence of the scale invariance immediately implies, for example, the weakest version of the correspondence. This paper is organized as follows. In section 2, we provide an argument which indicates the importance of the scale invariance in AdS/CFT correspondence. Section 3 is devoted to the review of boundary states in the Green-Schwarz formalism [4] . Since the space-time symmetries play crucial roles, and also the R-R states are important, it is convenient to employ the Green-Schwarz formalism. In section 4, we define the scale transformation of the worldsheet variables, and show that the free energy of Type IIB string in the presence of D3-branes is invariant under the transformation in a region near D3-branes. In our worldsheet description, the functional form of a supersymmetric Wilson loop, which is studied in [5] [6], is naturally derived without the detailed knowledge of the supersymmetry transformation, as shown in section 5. Section 6 is devoted to discussion.
Scale invariance in AdS/CFT
Let us recall the metric of the solution of Type IIB supergravity for N D3-branes
where µ and ν run from 0 to 3, and I runs from 4 to 9. Here
is the 't Hooft coupling. We have defined y 2 = y I y I . The string length l s has chosen to be unity. In a region y 4 << λ, which we call the near-horizon region, the metric behaves as
after the rescaling y → √ 4πλy. This is the metric on the direct product of AdS 5 , in the Poincaré coordinates, and S 5 . It is easily recognized that the scale transformation
is an isometry of the metric (2.3). This transformation shrinks the D3-branes in the longitudinal directions x µ and expands in the transverse directions y I . This is actually an SO(1, 1) subgroup of the isometry
Let us examine the transformation property of the original metric (2.1) under (2.4). We obtain
For a fixed λ, the variation of the metric under the transformation (2.4) is negligible in the near-horizon region. One of the implications of the existence of the near-horizon region is as follows. Consider an observable O[g] which depends only on the near-horizon region of the metric (2.1). The scale transformation of O[g] is negligible in the near-horizon region, due to (2.5), and therefore O[g] is invariant there.
In this sense, the scale invariance appears in the near-horizon region. We would like to extend the above argument on classical gravity to string theory. We will define in section 4 the scale transformation (2.4) for worldsheet variables, and examine the invariance of the total system of strings and D3-branes in a similar sense discussed above. In the rest of this section, we discuss implications of the existence of the symmetry in string theory.
To be concrete, let us consider a system of a string and N D3-branes, depicted in figure 1 . The string has a boundary C which is away from the D3-branes. One can imagine that there is another D-brane on which C lies. The worldsheet of the string may have the other boundaries which are on the D3-branes.
We take C to be within the near-horizon region, in order for the system to have the scale invariance.
On the one hand, we can expand the system in the x µ -directions and shrink in the y I -directions by the scale transformation (2.4). Then, the worldsheet will have a configuration depicted in figure 2. It On the other hand, we can perform another scale transformation which shrinks the system in the x µ -directions and expands in the y I -directions, while keeping C within the near-horizon region. Since this system is invariant under this transformation, the worldsheet path-integral for this transformed system should provide another way of evaluating the Wilson loop discussed above. We assume that the near-horizon region is large enough in order for the classical gravity approximation to be valid, which is the case if we take a large enough λ. Since the worldsheet is far away from the D3-branes in this case, the dominant contributions come from a worldsheet Σ which has only one boundary C g related to C by the scale transformation. The presence of the other boundaries lying on the D3-branes is now encoded by insertions on Σ of vertex operators of massless closed string states, which describe the exchange of massless states between the D3-branes and Σ. The summation over worldsheets with various numbers of boundaries then corresponds to the summation of all possible massless state exchanges. As a result, Σ feels that the space-time surrounding Σ is curved, and therefore, the worldsheet path-integral is dominated by a worldsheet with the boundary C g which is the minimal surface in the near-horizon geometry of the It should be noted that we have shown an equivalence for the case C YM = C g . In fact, the length scales l of the loops are
However, since the Wilson loop and the area of the minimal surface, both defined appropriately, are independent of the length scale of the loop, the equivalence should also hold for the case C YM = C g which is the equivalence that AdS/CFT correspondence claims.
In summary, we have shown that the presence of the scale invariance implies AdS/CFT correspondence. The important point of our argument is that the scale invariance exists at any intermediate situation, like the one in figure 1 , not only at the two limiting cases (figure 2, 3). It is also important that the quantities we have discussed are independent of the length scale, in order for the ordinary claim of AdS/CFT correspondence to hold. In section 4, we will show that the desired symmetry really exists if we concentrate on the dynamics in the near-horizon region. As a result, the weakest version of AdS/CFT correspondence follows.
It would be important to mention the effects of string loops to the above argument. Throughout this paper, we will not discuss worldsheets with handles. In addition to the technical difficulty of summing over string loop effects, there is a more serious issue. If we allow a handle on the worldsheet, then the handle may be elongated, as depicted in figure 4. Since the handle includes the propagation of massless closed string states, the worldsheet may feel the space-time outside the near-horizon region. This implies that we cannot concentrate our attention on the near-horizon region appropriately, and the scale invariance is not available. In the following, we restrict ourselves to the standard large N limit, that is, we take
To show the scale invariance, we will use the boundary state [4] of the D3-brane in the Green-Schwarz formalism in the light-cone gauge, which we review in the next section.
Boundary state
In terms of closed strings, D-branes are described by boundary states. Since D-branes in Type IIB string preserve half of the 32 supercharges, the boundary state |B should satisfy
where β ⊥ is a product of gamma matrices. For a D3-brane extending along x 0,1,2,3 -directions,
is taken. We often denote the preserved supercharges as Q α . Note that these are the supercharges of N = 4 SYM on the D3-branes. It will be convenient to employ the Green-Schwarz formalism which makes the space-time supersymmetry manifest. In addition, it is rather easy to handle R-R fields in this formalism. For notations and conventions, we basically follow [7] . In the Green-Schwarz formalism, it is convenient to take the lightcone gauge to quantize the theory, but the Lorentz invariance is not manifest. In addition, the coordinate fields in the light-cone directions have to obey the Dirichlet boundary condition [4] , and therefore, the branes which are naturally realized as boundary states are instanton-like objects. In the following, we review the construction of the boundary state for a D3-brane [4] .
For the boundary state of the D3-brane, the condition (3.1) becomes
where we have decomposed the SO(9, 1) spinors into SO(8) spinors, and we have defined
There appears i in front of M ab and Mȧ˙b in (3.3)(3.4) due to the double Wick rotation for obtaining the Euclidean D3-brane from the physical one.
The D3-brane we consider is extended in 
The condition for fermions S a andS a should be compatible with (3.6). That is,
should be imposed. Recall that the explicit forms of the supercharges are
Note that the condition (3.11) for n = 0 is nothing but the BPS condition (3.3). The conditions (3.6) and (3.11) determines the dependence of the boundary state on the non-zero modes as
The dependence of |B 0 on the zero modes of S a andS a is determined as follows. The lowest energy subspace of the Hilbert space of the left movers is spanned by the vector representation |i and the conjugate spinor representation |ȧ , and similar for the right movers. |B 0 is thus constructed from a sum of tensor products of them. Since |B is a source of the graviton, it is a bosonic state. We assume
where |0 n is the Fock vacuum of the n-th mode. The condition (3.3) implies
14)
It is easy to check that
is a solution, where C is a constant. We obtain
It is straightforward to show that this state also satisfies (3.4). The constant C is determined to be unity by requiring the s-t duality.
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We consider a perturbative description of Type IIB string with N D3-branes in the flat background. The worldsheet action is that of free fields,
where we choose α ′ = 1 2 in this section. The presence of the D3-branes is encoded by including contributions from worldsheets with boundaries. The back-reaction of the D3-branes to the background field configuration is taken into account by summing over all possible worldsheets with various number of boundaries. It is obvious that the worldsheet action (4.1) is not invariant under the scale transformation (2.4). Therefore, the scale invariance is not manifest in the worldsheet description.
In this section, we define the scale transformation of the worldsheet degrees of freedom, in terms of closed strings in a suitable manner, and first examine the transformation property of the boundary state constructed in the previous section. Next, we show that the presence of the D3-branes enables the scale transformation to be really a symmetry of the total system in the near-horizon region.
Definition of scale transformation
We define the scale transformation of X i and their canonical momenta P i at τ = 0 as
Note that we realize the transformation (2.4) as a canonical transformation. Recall that the mode expansions of X i and P i at τ = 0 are
These imply the scale transformation of the oscillators as
For later use, it should be noted that the light-cone momentum p + also transforms as
since the light-cone coordinates are taken to obey the Dirichlet condition.
The transformation of the ferminonic oscillators are determined by using the transformation of the
which is derived from the transformation (4.3) and the relation Q 2 ∼ P µ . Note that this is equivalent to the commutation relation between the supercharges and the dilatation operator in N = 4 SYM.
n ] in two ways, we obtain
where we have used the transformation property (4.8). This transformation also preserves the commutation relations. Note that the symmetric property of M ab is crucial for the preservation of the commutation relations. The transformation of the fields S a (σ) andS a (σ) at τ = 0 is therefore
Because of the presence of i, this transformation is not unitary. However, the appearance of i here inherits the i in (3.3)(3.4), and therefore this should be regarded as an artifact for considering the Euclidean D-brane. If it were possible to construct a boundary state of the physical D-brane with manifest space-time supersymmetry, then the scale transformation of fermionic fields would also be an ordinary canonical transformation.
Boundary state
In this subsection, we examine the transformation property of the boundary state |B . First, consider the transformation of non-zero mode oscillators in |B . Since each mode can be treated separately, we consider, for n > 0, the transformation of
It is important to notice that |0 n is also transformed by the scale transformation, since it mixes the creation and annihilation operators as (4.6)(4.7). That is, δ ǫ acts on |0 n as a Bogoliubov transformation.
Let |0 n ′ be the transformed vacuum. The explicit form is
The transformed state |b n ′ is therefore
where
17) Next, let us consider the zero modes. The transformation of zero modes is
which is consistent with (4.9). To examine the transformation of |B 0 , let us construct the operator D which generates the transformation (4.21)(4.22). The explicit form of D is
where the transformation is defined as
Here c is a constant which is not determined simply by the algebra, since we consider only the subgroup SO(3, 1) × SO(1, 1) of the SO(4, 2) in our worldsheet description.
It is now straightforward to show that
Using the ambiguity of c, we can define the scale transformation so that |B 0 is invariant. Since the non-zero mode part of |B is also invariant, it has been shown that |B is scale invariant, for the above definition of the transformation.
It is worth emphasizing again that the supersymmetry, as well as the symmetric property of M ab , play crucial roles for the invariance of the boundary state under the scale transformation. If one considers a boundary state in, for example, bosonic string theory, then the variation of the boundary state is proportional to itself with a divergent coefficient. By a regularization of the divergence, one would obtain a non-vanishing term in the variation, even after subtracting a divergent terms.
Variation of free energy
We would like to evaluate the variation of the free energy of a string in the D3-brane background under the scale transformation. The variation for the case of figure 1 can be evaluated similarly, provided that we treat the transformation of the boundary C properly. The free energy is defined as an infinite sum
where F n contains the contributions from worldsheets with n boundaries. The scale transformation δ ǫ F (λ) of the free energy is thus determined by δ ǫ F n . The quantity δ ǫ F n may have two contributions, one of which comes from the variation of the action, the other of which comes from the variation of the boundary. As shown in the previous section, each boundary is invariant under the scale transformation. Therefore, we only need to consider the variation of the action. Since the scale transformation is defined on the oscillators, it is convenient to consider in the canonical formalism. The path-integral measure is DXDP DSDS e iSB +iSF , (4.26)
Under the scale transformation, S B and S F transform as
Performing the path-integral of P i , we can deduce the transformation of the fields in the Lagrangian formalism. It can be shown that the transformation is nothing but 4.33) and the variation of the action is therefore
The first term of the RHS can be regarded as a vertex operator of a massless graviton with zero momentum. Note that this vertex operator does not contain the dilaton contribution, since M ij is traceless, which is suitable for later discussion. The transformation of the supercharge (4.9) implies that δ ǫ S is invariant under Q α , and therefore, the second term of the RHS of (4.34) should be related to the vertex operator of a R-R field. It has been shown that the variation of the worldsheet action provides a linear combination of vertex operators of massless fields, which are invariant under Q α . Recall that the bosonic state in the massless sector of the Hilbert space which is invariant under Q α is proportional to |B 0 . Therefore, the variation δ ǫ S of the action can be replaced with the insertion of the state |B 0 . Schematically, we denote
The tracelessness of M ij matches with the fact that the D3-brane is not a source of the dilaton. To evaluate F n (|B 0 ), consider a worldsheet path-integral F n+1 (z) with n + 1 boundaries, one of whose boundary is placed at x i = z i for i = 5, · · · , 10. Note that the D3-branes we have discussed so far are placed at x i = 0. In other words, we place another set of D3-branes which are parallel to the original branes but their positions are different. It is possible to obtain F n (|B 0 ) from F n+1 (z) through an LSZ-like procedure:
where ∆ z is the Laplacian on R 6 . See figure 5 for an image of this procedure. The variation of the total free energy is therefore
In the following, we will focus on a situation in which some operators placed around |x| = y are inserted to the worldsheet. One example of such situations is to put a circular source of string, as in figure 1 . In this situation, the worldsheet is stretched in the region 0 ≤ |x| ≤ y. If we take |z| to be larger than y, then the corresponding worldsheet has a thin tube connecting the boundary and the body of the worldsheet. The tube represents the propagation of closed string states, and the dominant contribution comes from the massless propagation. As a result, F (λ, z) behaves as |z| −4 for large |z|. For the range 0 ≤ |z| ≤ y, we assume that F (λ, z) varies slowly with |z|.
Let us calculate the integral
is a typical example of the function having the property assumed for F (λ, z). It is easy to check that
. Similarly, the RHS of (4.37) would be estimated as
where C(λ, y) is assumed to be of order one. Noticing that F n+1 (z = 0) = F n+1 , we obtain
In other words, the free energy transforms as The discussion so far is based on a power series expansion in terms of λ, and it is not obvious whether the transformation property (4.42) also holds for large λ. To check the validity of (4.42) for large λ, let us consider an effective sigma model description of this system. Since λ is large, we can take y large enough so that the classical gravity approximation is valid (see figure 3) , and this fact verifies the use of the sigma model. The presence of the D3-branes is realized in the sigma model by a non-trivial background field configuration, and the free energy of the model would be a functional of the background fields. Let us focus only on the metric, for simplicity. Then, due to (2.5), the free energy
which is the same relation with (4.42) up to a factor of order one. This strongly suggests that the free energy defined as a power series of λ can be continued analytically to the region of large λ where the gravity description is valid, and therefore, the scale invariance in the near-horizon region would exist for any λ.
So far, we have only considered the infinitesimal transformation. A remarkable property of the scale transformation is that it brings the original free theory into another free theory which is obtained via a field redefinition from the original one, as shown in (4.34). The boundary state |B has the same form for both the original and the redefined field variables. Therefore, we can perform the transformation repeatedly to obtain a finite transformation. The finite transformation of the worldsheet fields is It is this fact that enables us to take the worldsheet of figure 2 to the one of figure 3 and vice versa.
Supersymmetric Wilson loop
In this section, we show that the functional form of the supersymmetric Wilson loop is naturally derived from our worldsheet point of view.
A Wilson loop on the D3-branes was constructed, as mentioned in section 2, by putting a source of string in a target space-time, and by stretching a string between them. For definiteness, we choose a D5-brane as the source, which does not have common longitudinal spatial directions with the D3-branes. The D-branes extend in the directions indicated as follows. This brane configuration preserves 8 supercharges, which we denote as ξ α Q α +ξ αQ α where ξ andξ are restricted as
Recalling that both ξ andξ are spinors with, say, positive chirality, of SO(9, 1), these supercharges are preserved even after a string is stretched between the D3-branes and the D5-brane, as depicted in figure  6 . Therefore, the Wilson loop constructed here should preserve half the supersymmetry of N = 4 SYM.
Its functional form is
This construction of the Wilson loop was also discussed in [8] [12].
We would like to derive (5.3). The coupling of the gauge fields and the scalars on the D3-branes to the worldsheet is described by the corresponding vertex operators 4) respectively. Recall that the mode expansion of the open string stretched between the D3-branes and the D5-brane is
where a I is a vector indicating the separation of the D3-branes and the D5-brane, and the dots indicate the oscillation parts of the expansion. For our choice of C, only the p 0 component is non-zero. The
Virasoro constraint implies
This relation leads
where θ I is a unit vector parallel to a I . Therefore, the coupling induced by (5.3), including the relative coefficient, is correctly reproduced from the worldsheet picture.
Discussion
We have shown that there is a scale invariance in the worldsheet theory of Type IIB string with D3-branes as far as closed string loops are suppressed, if we only consider in the near-horizon region. This scale invariance actually implies the AdS/CFT correspondence for the Wilson loops in N = 4 SYM on the D3-branes and the minimal surfaces in the corresponding AdS 5 × S 5 space-time. In the gauge theory point of view, we take the large N limit, and we choose a large 't Hooft coupling when we compare it with the It is desired to examine whether it is possible to argue a more stronger version of AdS/CFT correspondence in the worldsheet point of view. Since this is a perturbative description, the string coupling must be taken to be small. As discussed at the end of section 2, this is also crucial for considering the near-horizon region appropriately. The number N of the D3-branes is not necessarily large in the worldsheet description. However, if N is finite, then λ must be small, and the near-horizon region is also small, as shown in section 4. If the width of the near-horizon region is of order of the string scale, then worldsheet may fluctuate and reach the outside of the near-horizon region, and the scale invariance will not be available. It seems natural to think that the ordinary claims of AdS/CFT might be modified in this situation. It is possible to take a large N limit, and obtain a finite λ which is bigger than the string scale, but not big enough for the classical gravity description to be valid. In this case, it would be necessary to include α ′ -corrections, and our point of view may provide a guideline for how to include the corrections.
The strongest version, that is, both N and λ are finite, is beyond the reach of our point of view, and a non-perturbative formulation of string theory will be necessary to discuss this issue. Of course, there might be a possibility of occurring miraculous cancellations among worldsheets due to supersymmetry, and as a result, the scale invariance might be realized more generally. The range of validity of AdS/CFT correspondence in a stronger version was also discussed in [13] . It might be possible to apply the line of our arguments to less symmetric cases. It seems that one of the significant differences from the N = 4 version will be the transformation property of boundary states. To illustrate the difference, let us consider a boundary state in bosonic string theory
where i and j run from 1 to 24, and M ij is suitably defined. The transformation of the oscillators will be the same as (4.6)(4.7). A naive calculation shows that the transformed state |B ′ is proportional to exp[−24ǫ ∞ n=1 1], and therefore some regularization is necessary. We employ the regularization
where H is the Hamiltonian, and take ǫ ′ → 0 limit at the end of calculations. The result is δ ǫ |B = 12 ǫ ′ |B − 12(H + 1)|B .
3)
The finite part of the RHS has an interesting form, since this would be rewritten as a derivative of the boundary state with respect to a moduli parameter. This would imply that the boundary of the moduli space of Riemann surfaces with boundaries would be relevant for evaluation of δ ǫ F (λ). This might be important when one considers a case with a generic D-branes. In our argument, the only possible subtle point would be the estimate (4.41). Although we could not completely verify the validity of (4.41), we think it is already a great achievement that we could reduce AdS/CFT correspondence to a concrete problem of evaluating the LSH of (4.41). We expect that our approach presented in this paper will provide a way of proving AdS/CFT correspondence, since it is now reduced to a problem in a free theory. It would be plausible if our argument can be extended to apply to the examination of the GKPW relation [9] [10]. Naively, it should be possible, since the Wilson loop is a source of generic string states, and therefore, the consideration of multiple Wilson loops would implies the GKPW relation. An intuitive image of how to show the GKPW relation is depicted in figure 7 . To describe an insertion of a BMN operator [11] on the D3-branes, for example, it would be suitable to choose a Euclidean D3-brane which is perpendicular to the original D3-branes as a source of string. See figure 8 . We hope to report on these issues elsewhere.
